
Additional Exercise 9.1

Data: Measurements of peak expiratory flow (PEF) of 13 children 8 hours after treatment with two
different inhalation medicines. We may either use a single-index or multi-index notation:

yi = PEF for treatment episode i, i = 1, . . . , 26, or
yijk = PEF for child j after treatment i in period k, i = F,S; j = 1, . . . , 13; k = 1, 2.

(a) Fixed effects modelling.

The design is a AB/BA cross-over design with 7 children for treatment sequence FS and 6 children for
sequence SF. If no carry-over effect is assumed, the statistical model should include only treatment,
period and subject effects:

yi = µ+ αtx(i) + βperiod(i) + γchild(i) + εi, or
yijk = µ+ αi + βk + γj + εijk,

depending on the chosen notation. The errors are assumed independent and distributed as ∼ N(0, σ2).
We first show the results from direct analysis of this model.

The normal plot looks fine, but the residual plot shows some tendency of “inverse cone”-shape (de-
creasing variance with increasing values). This is essentially due to one pair of large residuals (note
that all residuals come in pairs with positive and negative signs but the same numerical value) at the
lower end of the predicted values. No residuals are suspiciously large. Box-Cox analysis in Minitab
(not shown) or Stata gives an optimal power of 1.82 and confidence intervals that do not include
1, and thus provides evidence in favour of a transformation. However, the tests of homoscedasticity
(in Stata) are non-significant. Because power transformations with powers > 1 are somewhat un-
usual and its justification in the present case is not intuitively obvious, we decide to work with the
untransformed data.

The ANOVA table shows a clear subject effect, no period effect and a clearly significant treatment
effect (P < 0.0005). Note that sequential and adjusted sum of squares are not the same, because the
design is not balanced in the sequences (due to child no. 8 dropping out). The (least squares) means
and pairwise comparisons below show that the new drug, Formoterol, on the average increases the
PEF by 46.6 units with the corresponding confidence interval well away from zero.
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We next show how to obtain the same inference for the treatment from a two-sample analysis of
differences. The Minitab commands to analyse the period differences 1-2 are given below.

MTB > Unstack (’id’ ’order’ ’pef’);
SUBC> Subscripts ’period’;
SUBC> After;
SUBC> VarNames.
MTB > Name C12 ’diffper’
MTB > Let ’diffper’ = ’pef_1’-’pef_2’
MTB > TwoT ’diffper’ ’order_1’;
SUBC> Confidence 95.0;
SUBC> Test 0.0;
SUBC> Alternative 0;
SUBC> Pooled.
MTB >

The two-sample t-test with equal variances does indeed reproduce the strong significance from above;
note that t2 = 4.322 = 18.7 = F (for treatment). It is also seen that the estimated difference between
the sequences is twice the estimated difference between the treatments.

(b) Random effects modelling.

The model with subject random effects can be run in the General Linear Model menu in Minitab
(by selecting random effects for the factor id) as long as the interaction period∗tx is not included (it
will simply be dropped if we try to include it). We show the added output from the random effects
model; note that both the ANOVA table and the residuals are completely unchanged.
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The estimated variance component for subjects is very large: 4425 compared to 750 for the within-
subject variation, corresponding to 85% of the unexplained variation. This shows that the cross-over
design is much more efficient than an ordinary completely randomised design would have been.

We finally show output from running both this model and the extended model with the period∗tx
interaction in the Mixed Effects Model menu.

When fitted with likelihood-based (REML) estimation, the random effects model without the inter-
action gives similar but not entirely identical results to the ANOVA-based analysis. The variance
components are identical (as is true for all “nice” designs, when the likelihood-based analysis uses
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REML estimation). The tests for the fixed effects are also identifical, due to the use of the Kenward-
Roger estimation method (the Stata default z-test and χ2-tests give somewhat smaller P-values).
However, the residuals are not quite the same; the Minitab term “Conditional Residual” means that
the predicted random effects are included in the fitted values (this is probably most natural, and
corresponds most closely to the ANOVA-method). The display of the estimates shows the estimated
treatment difference between S and F to be the same (in the parametrization used, the omitted
coefficient is not zero but defined by the sum of parameters being equal to zero).

The treatment by period interaction shows absolutely no significance. It is somewhat counterintuitive
that the variance component for the subjects increases in the larger model; this can happen when
added effects are non-significant. In the fixed effects parametrization in Minitab, the estimates and
inference for the main effects are essentially unchanged, and they will in any case still be valid in
the presence of the interaction; note that this is not the case in parametrizations with a reference
category! The standardized residuals are not entirely identical but very similar.

If there had been a substantial treatment by period interaction, it would mean that the difference
between treatments depends on the period. Such an effect would most likely be a carry-over effect
(although there could also be genuinely different treatment effects in periods). For example, treatment
A differs in periods 1 and 2 by being either the first treatment applied (AB) or by being the follow-up
treatment after treatment B was applied (BA). In the simple AB/BA-design we cannot from the data
alone distinguish between carry-over effects and a genuine treatment by period interaction. With
a totally non-significant interaction, we can however conclude that no carry-over effects seem to be
present in these data.
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